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Abstract

The Lindblad equation is an evolution equation for the density matrix in
quantum theory. It is the general linear, Markovian, form which ensures that
the density matrix is Hermitian, trace 1, positive and completely positive.
Some elementary examples of the Lindblad equation are given. The derivation
of the Lindblad equation presented here is ‘simple’ in that all it uses is the
expression of a Hermitian matrix in terms of its orthonormal eigenvectors
and real eigenvalues. Thus, it is appropriate for students who have learned
the algebra of quantum theory. Where helpful, arguments are first given in a
two-dimensional Hilbert space.

1. Introduction

The density matrix p is a useful operator for quantum mechanical calculations. For a given
system, one may be unsure about what the state vector is. If the possible state vectors and their
associated probabilities are {|v;), p;}, one creates the proper [1] density matrix

p = plvd Wil M

It is Hermitian: p¥ = p. Itis trace 1: 1 = Trp = Zj(¢j|p|¢j), where {|¢;)} are an
arbitrary complete orthonormal set of vectors. It is positive: (v|p|v) > O for an arbitrary
vector |v). All these properties can easily be verified from equation (1).

One can use the density matrix to conveniently calculate probabilities or mean values. If a
measurement is set up to result in one of the eigenstates |¢;) of an operator O, that outcome’s
probability is (¢;|p|¢;) and the mean eigenvalue of O is Tr Op.

Because each individual state vector evolves unitarily under the system Hamiltonian H
(assumed for simplicity here to be time independent), |V, r) = exp —itH|yr, 0), the density
matrix in equation (1) satisfies the evolution equation

d . —iHr iHr
E'O(t) =—i[H, p(1)] = p() = p(0)e™. )
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The operator acting on p(0) is often called a superoperator' since it describes a linear
transformation on an operator: it operates on both sides of p, so to speak.

The case sometime arises where the system S under consideration is a subsystem of a
larger system S + §’, and S’ is not measured. The pure (so-called because it is formed from a
single state vector) density matrix for the joint system is

R() = Cn i) o) Y Cin (1t
im jn
where {|¢;)} {|xn)} are orthonormal bases for S, S’ respectively, and ), |Cin ()|> = 1. By
taking the trace of R with respect to ', one arrives at an improper [1] density matrix for S
from which predictions can be extracted:

p(t) =Y Cn()Cjm ()" |3} (1.
ijm

One can easily see that this is Hermitian, trace 1 and positive. However, while the density
matrix of S + S evolves unitarily, the density matrix of the subsystem S evolving under the
influence of " generally does not evolve unitarily. Nonetheless, sometimes dp(¢)/d¢ can be
written in terms of p for a range of times earlier than . Sometimes that range is short compared
to the time scale of evolution of p so that one may make an approximation whereby dp (¢) /dt
depends linearly just on p(¢). This is quite useful, and is what shall be considered in this paper.

In this case, the evolution equation is highly constrained by the requirements on p(¢),
to be satisfied at all times: hermiticity, trace 1 and positivity. (The latter proves too general
to simply implement, so a stronger requirement is imposed, called complete positivity—see
section 4).) The result, for an N-dimensional Hilbert space, is the Lindblad [3] (or Lindblad—
Gorini—Kossakowsky—Sudarshan [4]) evolution equation for the density matrix:

N2 -1
%p(x) = —i[H, p(1)] - % D ILELEp (1) + p(OLTLE — 2L p(nLET]. (3)
a=1

In equation (3), the Hamiltonian H is an arbitrary Hermitian operator, but the Lindblad
operators {L*} are completely arbitrary operators.

Actually, as shall be shown, there need be no limitation on the number of terms in the
sum in equation (3), but this can always be reduced to a sum of N2> — 1 terms.

It is not a necessary condition, but if the equation is to be time-translation-invariant, the
operators are time-independent.

2. Lindblad examples

Before deriving equation (3), we give a few examples of the non-unitary evolutions it describes.
Since unitary evolution is well known, we shall let H = 0. It shall be seen that relaxation to
some equilibrium (constant) density matrix is readily described.

For simplicity, four of the five examples shall be in an N = 2 Hilbert space (a restriction
that is readily lifted).

2.1. Random phases

Consider a state vector written in a basis whose phase factors undergo random walk.
Given an initial state vector |) = a|¢;) + b|é2) (Ja|> + |b|> = 1), suppose at time ¢, it
has evolved to

[y, 1) = ae? 1) + be®|¢n)

' The term ‘superoperator’ was first used by Prigogine and co-workers, e.g., [2].
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with probability
o 49 e 1
P(6,.6,)d6, d6, = 27[‘“ 2n1“e it o T
\Y 14 2

The density matrix is

p(t) = / / d6,do,P (6, 02) V) (Y]
= allg1) (1] + b1} (o] + €2 T2 [ab® (o)) (o] + a*Blepa) (@ 1.

We see that the off-diagonal elements decay at a fixed rate while the diagonal elements remain
constant. It satisfies

d 1 2
PO =—50 + 2l [p(t) - ZQip(t)Qi] :

i=1
where the projection operator Q; = |¢;)(¢;|. To see that this is a Lindblad equation, note that
Qj = Q; and Ziz:] QZQi = 1. There are two Lindblad operators: identify L' = /(A + 1) Q;
in equation (3).

2.2. Unitary jump

Suppose in time d¢, a state vector |y, t) has probability Adt of changing to exp —iG|y, 7)
(probability 1 — Adt of being unchanged), where G is a Hermitian operator and exp —iG # 1.
The density matrix at time ¢ + dt is therefore

p(t +dr) = (1 —rdn)p(r) + rdre Cp(r) €,
so its evolution equation is

d —i i

3P0 =—Ap@) —e Cp(1) €.

This is of the Lindblad form, with one Lindblad operator L = /2 exp —iG.
In the basis where G is diagonal with elements (g;, g2), we obtain dp;;/d = 0 and

d .
3P0 =—ron®0 - e'e2ms)],

So, again, its diagonal elements remain constant. Its off-diagonal elements decay at the fixed
rate A[1 — cos(g, — g1)] and their phases change.

2.3. Random unitary transformation

Suppose in time dr a state vector |, t) undergoes a unitary transformation to
e Sy, 1) =1-1Go — 1(GO)* + - |y, 1)

with probability
de

VA A dt

The density matrix at ¢ + df (neglecting terms of order higher than dr) is given by

92

1
e Hdr

P©)do =

o0

p(t +dt) :/ P(0)do e % p(r)e16?

[ee]

= f P(6)do [p(r) —6? [%Gzp(t) + p(;)%@ - Gp(r)GH

]

A di
= p(t) — Tt[Gzp(n + oG —2Gp (1G]
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giving the Lindblad equation
d A A
3P0 = —E[Gzp(t) + p(1)G* —2Gp(1)G] = —51GIG, p0)]

with one Lindblad operator L = +/AG.
In the basis where G is diagonal with elements (g1, g2),

d A )

5/01‘,‘0) = —E(gi —g;) pij(t).
So, again, its diagonal elements remain constant but its off-diagonal elements decay at a rate
determined by the difference in eigenvalues.
2.4. State exchange

Suppose, in time df, with probability A dt, a state vector |y, ) exchanges its basis states
|¢1), |¢2), becoming o |y, t), where (¢;|o|¢p;) is the Pauli matrix with diagonal elements 0
and off-diagonal elements 1. It is easy to see that the density matrix evolution equation is

d

E'O(t) = —Ap(®) —opt)o]

and is of the Lindblad form, with one Lindblad operator L. = v/2\0.
The density matrix elements therefore satisfy

d d
apll(t) = — 5,022(1‘) = =Alp11 () — p2(1)],
d d
5,0120) = — 5,021(0 = =Alp1a(®) — p21(1)].

The diagonal density matrix elements change in this example, decaying to 1/2. The off-diagonal
matrix elements keep their real parts while the imaginary parts decay to 0.

2.5. State transitions

Here we consider arbitrary N. Suppose in time d¢, a state vector |, ) makes a transition to
state

(|, 1)

m) ————

[(nlyr, 1)]
with probability
P = puh At (W, tIn) >

(pm = 0, SN = 1). The probability of all such transitions is )_,., Py = Adz, s0
the state vector is unchanged with probability 1 — A df. Define Q,,, = |m)(n|. Note that
Z]n\i,nzl P Qpy Qun = 1.

The density matrix at time ¢ + dt is

N
pt+dt) = (1 =2dD)p@) +2dt Y PuQunp () Qun,

m,n=1

so its evolution equation is

d N
ap(t) =—A |:i0(t) - Z memnp(t)Qnm:|~

m,n=1

This is of the Lindblad form, with N> (one more than the necessary maximum!) Lindblad
operators L™ = /2Ap,, Q.
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The matrix elements of the density matrix obey

d
aprs(t) = —A |:prs(t) - prars Zn: Pnn (t)]

= — AMprs(t) — prbysl.

The off-diagonal elements decay at a uniform rate. The diagonal elements do not remain
constant. They decay to predetermined values p,:

P (1) = p(0) e +prll - e—/\r].

This might be useful in modelling the approach to thermal equilibrium, where the states |m)
are energy eigenstates and p, is the Boltzmann probability Z~! exp —E, /kT .

3. Application of constraints

We now turn to deriving the Lindblad equation as the most general equation satisfying the
constraints.

While the Hilbert space discussed here shall be assumed of dimension N, N may be
allowed to go to to infinity and, also, the argument may readily be extended to a continuum
basis.

To make the argument easier to follow, examples of how its steps apply to a two-
dimensional Hilbert space shall occasionally be inserted.

The Markov constraint is that the density matrix p(¢') = p’ at a later time ', depends only
upon the density matrix p(¢#) = p at an earlier time ¢, not upon the density matrix over a range
of earlier times.

The linearity constraint, combined with the Markov constraint, is that the matrix elements
of p’ can be written as the sum of constants multiplying the matrix elements of p rather than,
say, powers of the matrix elements of p or any other kind of function of these matrix elements:

N
P,{j = ZAir,jsprs- (4)

rs=1
Here ,olfj = (¢ilp'|¢;) with |¢;) some convenient orthonormal basis and, similarly, p is

expressed in the same basis. The constants A;.;; can be functions of ¢/, . There are N*
constants, and each can be complg:x, so there are 2N* real constants involved in equation (4).
The hermiticity constraint pl/; = p;k =p; » applied to equation (4), results in

N
Z [A;k‘s,ir - Air,js]lors' (5

r,s=1

3.1. Two-dimensional space: hermiticity

Suppose we have the equation
Bi1p11 + Biap1z + Ba1pa1 + Bap =Tr Bp =0,

(the B;; are constants) which holds for all possible density matrices. Then, one can see B =0
as follows.

First choose the density matrix p;; = 1, with all other elements vanishing: thus, B;; = 0.
Similarly, one shows By, = 0. Next, employ the density matrix p;; = 1/2, which results in
B, + By = 0. Finally, use the density matrix p;; = p»n = 1/2, p12 = —p21 = i/2, which
results in Bj, — B,; = 0 and so By, = B,; = 0. Therefore, B = 0.
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The four density matrices used here,
1d+0%),10-0%), 10 +0"), $(A+0?),

(written in terms of the Pauli matrices) we shall call the density matrix basis. Any 2 x 2 matrix
can be written as a linear sum with constant (complex) coefficients of these four matrices.
More than that, they form a matrix basis for Hermitian matrices, in that any Hermitian matrix
can be written as a linear sum with constant (real) coefficients of these four matrices. More
than that, and this is the reason for their deployment here, they form a matrix basis for density
matrices, in that any density matrix can be written as a linear sum with constant positive real
coefficients of these four matrices such that the sum of the coefficients add up to 1.

This basis is to be distinguished from another basis, the Pauli matrices plus the identity
matrix, which we shall call the Pauli+ I basis. This is also a matrix basis for Hermitian matrices
but it is not a density matrix basis.

3.2. N-dimensional space: hermiticity

Generalizing, if we have an equation

N
> Bupr =TirBp =0 (©)
r,s=1

for a matrix B, which holds for all valid p, then B = 0.

This can be seen by using an N2-size density matrix basis, (generalizing the 22-size density
matrix basis of the previous section). First choose py = 1 with all other elements vanishing,
which implies By = 0. Then for particular values of &, [, choose pw = piy = pu = pix = 1/2
with all other elements vanishing, from which one finds By; + By, = 0. Finally, choose
Pk = pu = ipy = —ipg = 1/2, from which one finds By, — Bjy = 0, so By, = By, = 0.
Letting k, [ range over all possible pairs of indices results in B = 0.

3.3. Two-dimensional space: evolution equation and trace constraint

It therefore follows from equation (5) that

*
A = Air,j_w

Js,ir
where each index can take on the values 1 or 2.

A matrix B for which B, , = B, , is a Hermitian matrix. Therefore, A is a Hermitian
matrix, where we regard the number pairs 11, 12, 21, 22 as four different indices. That is, A
is a (4 x 4)-dimensional matrix. The most general 4 x 4 Hermitian matrix is characterized by
16 real numbers (the four real diagonal matrix elements and the six complex matrix elements
above the diagonal). Since there are 32 real numbers which characterized the most general
superoperator in a two-dimensional space, the condition of hermiticity of the density matrix
has cut that number in half.

A Hermitian matrix can be written in terms of its orthonormal eigenvectors and
eigenvalues, and that decomposition shall prove very useful here. There are four real
eigenvalues, i.e. A%, where o = 1, 2, 3, 4. Corresponding to each eigenvalue is an eigenvector
E“ in the four-dimensional complex vector space.

The four complex components of EY make 32 real numbers, but they are constrained. Each
eigenvector is normalized to 1: Zir: | EX*ES = 1410 provides eight constraints, lowering the
number of free components to 24. The orthogonality of E! to the other three vectors provides
six constraints, the orthogonality of E? to the remaining two vectors provides four constraints,
and the orthogonality of E? to E* provides two constraints. Thus, there are 12 constraints on



Simple derivation of the Lindblad equation 811

the 24 free components, so the eigenvectors contain 12 free components. These, together with
the four eigenvalues, comprise the 16 real numbers characterizing A.

An example of such an orthonormal basis is given by 1/+/2 multiplying the Pauli+1
basis. If we write the four components of E* as a four-dimensional vector with components
[ESy, ES, ESy, ES, ], then E! = 27'/26! has components 27/2[0, 1, 1, 0], E? = 27'/202 has
components 2-/2[0, —i, i, 0], E* = 27'/253 has components 2-'/2[1, 0,0, —1], E* = 2~1/21
has components 2-1211,0,0, 1], It is easy to verify that this is an orthonormal set of vectors.

Although each E* is a vector in a four-dimensional space, with four components E7,
E® can also be regarded as an operator in the two-dimensional Hilbert space with four
matrix elements E7}. This leads to a neat way of writing the orthogonality relations for these

eigenvectors. Instead of Y% | SV | E¢EP* = 596 we can write

Tr EEFT = 528,

where EPT is the Hermitian conjugate (complex conjugate transpose) of E£. It is easy to see
how this works for the example where E* is 1/ V2 the Pauli+1 basis.

The expression for the components of A written in terms of its eigenvectors and
eigenvalues is

4
Airjs = Y AEYE.

a=1

Putting this into equation (4) results in the evolution equation

4 2 4
= D Y EgpaE = 3 p R
a=l1 rs=1 a=1
Now, lets impose the trace constraint, i.e. Ziz:l pi; = 1. In terms of components this says
4 2 2
1= "2 "> ElpnEr.
a=1 i=1 r,s=1

Writing 1 = Z?zl Pii = Zis:l 8srPrs» the trace constraint can be written as

2 4 2

5[ Sy -] =0
rs=1 L a=1 i=1

or in matrix notation as

4
Tr| > A“E“E* —1|p =0,
a=1
where 1 is the unit matrix. This must hold for arbitrary p. We have seen how to handle such
an expression. By successively putting in the four density basis matrices, we obtain the trace
constraint

4
ZA“E‘”EO‘ =1

a=1
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3.4. N-dimensional space: trace constraint

The N-dimensional case works just like the two-dimensional case. It follows from
equation (5) that A can be viewed as an N> x N Hermitian matrix. It has N? real eigenvalues.
Its N? complex eigenvectors E¥ satisfy the orthonormality conditions

N N
>3 ELED = TrEUEFT = 5°F. (7)
i=1 r=1
With A written in terms of its eigenvalues and eigenvectors, equation (4) becomes the evolution
equation
N? N
pi; = Z 2 Z EfE[ py oOr
a=1

rs=1
®)
N2
p = AE“pE"T.
a=1

A% and E* depend upon ¢’ — ¢, but we shall not write that dependence until it is needed.
Next, imposition of the trace constraint on equation (8), with Tr o’ = 1 = Tr1p, gives

N2
Tr [ZA“E‘”E"‘ — 1}) =0.
a=1

Using the density matrix basis as in equation (6) et sequens, we obtain the trace constraint:

NZ
ZME“T E* =1. )
a=1

By taking the trace of equation (9) and using equation (7), we find the interesting relation

NZ
> 2% =N.
a=1

4. Complete positivity

The final constraint is positivity. This says, given an arbitrary N-dimensional vector |v), that
the expectation value of the density matrix p’ is non-negative. This constraint, applied to
equation (8), is

N? N?
0 < (vlp|v) = Y A*(IE*pE* o) = Y 2% (valplve), (10)
a=1 a=1

where we have defined E*T|v) = |vg).

Positivity of p ensures (vy|p|vy) = 0. Thus, we see from equation (10), if all the A%s are
non-negative, then p’ will be positive too.

However A% > 0, while just shown to be sufficient for p’ to be positive, is not necessary. In
the next section, we shall give an example where an eigenvalue is negative, yet p’ is positive!

Therefore, a stronger condition than positivity is necessary to ensure that A* > 0. This
condition, presented after the example, is complete positivity.
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4.1. Two-dimensional space: example of a positive density matrix with negative eigenvalue

This example uses the Pauli+1 eigenvectors E* = 271/26* and 27'/21. (Note that the trace
constraint (9) is satisfied, provided Zi: | A% = 2, since the square of each of the Pauli+1
matrices is 271/21.) Choose ' = A2 = -3 =24 = 1:

o = 1[01,001 +02p02 —03,003 +1p1] = [/022 ,012]‘

2 P21 P11

p’ is just p with its diagonal elements exchanged. Thus, because p is positive, then p’
is positive. This is a particularly simple example of a more general case discussed in
appendix A.

4.2. N-dimensional space: definition of complete positivity

It is not positivity but, rather, complete positivity that makes the non-negative eigenvalue
condition necessary. Here is what it means.

Add to our system a non-interacting and non-evolving additional system in its own N-
dimensional Hilbert space. The enlarged Hilbert space is of dimension N2. The simplest state
vector in the enlarged space is a direct product |¢;)|x;): |¢;) is a vector from the original
Hilbert space, |x;) is a vector from the added system. The general state vector in the joint
space is the sum of such products with c-number coefficients.

Form an arbitrary density matrix R for the enlarged system. Suppose it evolves according
to equation (8), where E* is replaced by E* x 1 (i.e. the evolution has no effect on the vectors
of the added system.) Complete positivity says that the resulting density matrix R’ must be
positive.

4.3. Two-dimensional space: complete positivity

Complete positivity says, given the evolution equation (8), that (w|R'|w) > O for an arbitrary
N?-dimensional vector |w) and for any initial density matrix R in the enlarged Hilbert space.
We wish to prove that complete positivity implies the eigenvalues are non-negative. What we
shall do is judiciously choose a single vector |w) and four pure density matrices R so that the
expressions

N2

(R |w) =Y 2“ (wE*RE*" |w),

a=1
are ~A#, with a positive constant of proportionality. Therefore, for complete positivity to hold,
A must be non-zero. Here are choices that will do the job.

We shall choose the maximally entangled vector

4
wy =Y ¢l x).
r=1

({w|w) = 4, but it need not be normalized to 1). We construct the state vectors

4
— T
P = > EF1601x5).
ij=1
and use them to make four pure density matrices |y )?# (y|. (Note that Tr |y)P8 (| = 1
because of the orthogonality relation (7)). Then, for one 8,
4
R= Y EFE}16)x) (el (x5

i, i, j'=1
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Putting this into equation (8), the complete positivity condition is

4
> 2ELEL b (B0 ) (i (O TE ™) )

o,nr,i, i, j=1

0 < (wR'|w)

4
aptBp papt
Y. MESELEES
a,i, ji,j=1

4
= > A" Tr(EE*) Tr (B E*T)

a=1
4

=Y 2@ =2
a=l1

(using the orthogonality relation (7)).
Thus, complete positivity implies A# > 0.
4.4. N-dimensional space: complete positivity

We follow the same procedure in the N-dimensional case. However, to be a bit more general,
we shall use an arbitrary vector |w), and an arbitrary pure density matrix R:

N
[w) =3 D) a)- (110
m,n=1
N
R= Y CuCirldnlx) (delxl. 115
kLK I'=1

where Cy;, D,,, are yet to be specified complex constants. The unit trace of p in equation (115)
requires Tr C'C = 1. Then, the complete positivity condition is
NZ
0< (w|R'w) =Y A% (w[E*RE* |w)

a=1

N? N
o * * o ['E3
= E A E D D CraCp E i B 8181
a=1 1

N2
= ) A*Tr{CD'E*] Tr[E*'DC]. (12)

a=1

Now, choose DCT = E#, for any particular 8. This choice can be made in many ways. Two are
C" = E#, D = 1 (the choice made in the two-dimensional example just discussed) or D = E#,
C = N!/21 (note, both choices respect Tr C'C = 1). With this choice in equation (12),
and with use of the orthonormality conditions (7), we obtain as the consequence of complete
positivity:

N2
0< ) A%y =2 for 1<B<N. (13)

a=1
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5. Kraus representation

We have now applied all the constraints needed to obtain a valid density matrix p’ at a later
time ¢ from an earlier density matrix p at time ¢. This relation is equation (8), supplemented
by the orthonormality conditions (7), the trace constraint (9) and the condition of non-negative
eigenvalues (13).

It is customary to define M* = VAYE?, so that equations (8) and (9) can be written in
terms of M* alone:

N2
o = ZwaMaT, (14a)
a=1
NZ
> MM = 1. (14b)
a=1

(However, the orthonormality conditions, written in terms of M, now depend upon A%).
Equation (14a) is called the Kraus representation and {M“} are called Kraus operators [5].

We have proved the necessity of the Kraus representation, but it is also sufficient. That
is, for any {M“} satisfying equations (14a) and (14b), even for more than N? operators, also
with no orthonormality conditions imposed, all the constraints on p’ are satisfied. It is easy to
see that hermiticity, trace 1 and positivity are satisfied. Complete positivity requires a bit more
work, and that is given in appendix B.

This general statement of the Kraus representation might seem to imply a larger class than
we have derived as necessary, but that is not so. Since the Kraus representation is Hermitian,
trace 1 and completely positive, it may be written in the form (8), as we have shown.

6. The Lindblad equation

Now that we have satisfied all the constraints on the density matrix p’ = p(¢’), we can let
t' = t + dt, and obtain the differential equation satisfied by p(¢). For the rest of this paper
we shall only treat the N-dimensional case since the argument is precisely identical for the
two-dimensional case, except that N = 2.

6.1. Eigenvectors and eigenvalues whent' =t

First, lets see what we can say about the eigenvectors and eigenvalues when t' = ¢t. Then,
equation (8) says

N? N
a=1

r,s=1
(15)
N

N2
0= Z [Z )\aEg,E:jT — 8,,‘8]'X:| Prs-
a=1

rs=1

As we have done before, successive replacement of p by the N2> members of the density matrix
basis results in

ir~sj

N2
8:djs = Y  AESEY (16)
a=1
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Multiply equation (16) by E ﬁ and sum over j, 5. Use of the orthonormality relation (7) gives
8, TrEf =)PEP. (17)

If TrE? # 0 and A# # 0, equation (17) says that all the eigenvectors are ~1. But only one of
a set of orthogonal eigenvectors can be proportional to the identity. Therefore, for the rest of
the eigenvectors, A# = 0 and TrE# = 0.

Call one eigenvector EN° = N~!/21. From equation (17), we find the associated eigenvalue
AV =N.

For B # N?, the eigenvalues vanish. Note that the condition Tr E#1 = 0 says that these
eigenvectors are orthogonal to EN P~

And, indeed, in this case, equation (8) becomes the identity

1 1
=1p(H)1=N—1p@¢)—1. 18
p(t) o) N p(t)\/ﬁ (18)

6.2. Eigenvectors and eigenvalues whent' =t + dt

When ¢ = t + dt, the eigenvalues and eigenvectors change infinitesimally. Accordingly we
write

AN (dr) = N[1 = M dr], A%(dt) = ¢ dt (o # N?),
EM (dr) ! [1-+Bds] E°(dt) = K*(a # N?) 1
= — N - o )
VN

where ¢* are constants. We do not include a term ~dt in the expression for E*(d¢) since,
because A% (dt) ~ dt, it would contribute a negligible term ~(dr)? to equations (8) and (9).

Because the eigenvalues must be positive, and because the eigenvalues sum to N (equation
following equation (9)), we see that ¢* > 0 (all o). B and K* are restricted by the
orthonormality conditions, which we shall look at later.

6.3. The evolution equation

Putting equations (19) into the evolution equation (8) gives
ot +dt) = [1 — M dr][1 +Bdrlp)[1 + B dt]

N>—1
+dr Z “K%p(H)K*",  orin the limitdr — 0,
a=1
d N*—1
2 & .
o) = =" p(0) +Bp(t) + (OB + Y K p (K. (20)
a=1
Putting equations (19) into the trace constraint (9) gives
N*—1
N[1 —Mdr[1+Bdt[1+Bdr]+dr Y “K*K* =1, 0r,
o= 1)
N2-1
M1=B+B'+ ) “K“K"
a=l1

Using (21) to replace ¢ in (20) (specifically, ¥ p = (1/2)[¢¥'1p + pc™ 1]) results in

Loy ={ BB 00| - lic“[l(“l(“"'p(r) +p (KK —2K*p (K] (22)
dr 2 ' 2 ’

a=1
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6.4. The Lindblad equation

If we define —iH = (1/2)(B" — B) and L* = /c®K¢, the evolution equation (22) becomes
the Lindblad equation (3):

d . 1 = oy of ay af o at

Ep(t) = —i[H, p(1)] - 3 Z[L L*p (1) + p()L*L*" — 2L% p(r)L"']. (23)

a=1

6.5. Orthonormality conditions

It is a consequence of this derivation that the Lindblad operators L* in equation (23) are not
arbitrary operators, because they are restricted by the orthonormality conditions (7). Putting
equations (19) into equation (7) constrains B, K“.

For what follows, we recall from the discussion in section 2 that {K*} can be regarded
in two ways. In one way, they are regarded as N> — 1 operators acting on vectors in
an N-dimensional space, with matrix elements K,‘j (i,j = 1,...,N). In the other way,
they are regarded as N> — 1 vectors in an N>-dimensional space, each with components
(K%, K, ..., K¥y)- In particular, the trace of two operators is the same as the scalar product
of two vectors, as in equation (7)

The orthonormality relation (7), applied successively to (@ = B = N?), (« # N>, B =
N?), (« # N?, B # N?), with use of equations (19), yields

Tr[B + B] = 0, (24a)
TrK* = 0, (@=1,...,N>*=1) (24b)
TrKKP" = %% («,p=1,...,N* —1). (24¢)

Equation (24a) says that the Hermitian part of B vanishes. This provides no restriction at
all on H, which is the anti-Hermitian part of B.

Equation (24c) says that the vectors K* are orthonormal.

Equation (24b) says that TrK“1 = 0, which implies that N~'/21 completes the
orthonormal set.

6.6. The general Lindblad form

We shall now show that the Lindblad equation (23) with arbitrary Lindblad operators
(no constraints whatsoever) can be transformed to new, constrained, Lindblad operators of
equation (22) by adding a constant (achieving the vanishing trace constraint (245)) followed
by a unitary transformation (achieving the orthogonality constraint (24¢)).

First, we see that we can transform the arbitrary Lindblad operators L* to Lindblad
operators L' which are traceless. Define L* = L'® + k%1, where k% are N2> — 1 constants, and
substitute that into the Lindblad equation, obtaining

d
3P0 = —ilH+ (kL™ — kL"), p(1)]

3
1 oy 'at oy ot 13 ot
=5 2L p@) + p(OL LT = 2L p(n)L "],
a=1
With a redefinition of H, this is again the Lindblad equation, expressed in terms of L'“. By
choosing k* = N~' TrL*, the new Lindblad operators satisfy TrL'® = 0.
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Now write the N> — 1 Lindblad operators L (hereafter assumed traceless) in terms of

N? — | new operators LA (a, p=1,... ,N? — 1) using the linear transformation
N> —1
L= > U*Lr. (25)

We ask what the matrix U%# must be in order that the Lindblad form be unchanged (L*
replacing L* in equation (23)). With arbitrary operators A;, A;, Az,

N—1 N2-1
Z A]LaAzLaTA?, = Z Ua”BU*a’ﬂ,AlfJﬁAQI:’B/TAg,.
a=1 o,B,6/ =1

(The three terms in the Lindblad equation have two of the A = 1 while the third A = p). This
equals Zgz_ll A LPALPTAS, leaving the Lindblad equation unchanged in form, if and only
if the matrix U%# is unitary, Z Uw apep — b

Inverting equation (25), we see that LA is traceless.

Now, consider the matrix Tr L*L¢ ", It is Hermitian, so its eigenvalues are real and its
eigenvectors are orthogonal. It can be brought to diagonal form by properly choosing our
unitary transformation, so we obtain

N2—1
TrLPLPT = Z U2y P TrLOLY T = PsPF (26)
a=1
This is almost the orthogonality constraint (24c). The eigenvalues ¢# are non-negative, since
it follows from equation (26) that

&P = TrLPLPT = Z 1P >

l]l]/
i,j=1

Thus, according to equation (26), the L? are orthogonal vectors, with squared norm ¢#. We can
add one more vector ~1 to complete the set, orthogonal to the rest since Tr Lf1=TrLf =0.

We can define new operators K? which are orthonormal and traceless, by Lf = JVPKP.
In terms of these operators, the Lindblad equation (23) written in terms of L’ becomes

d 1 N2—1 o o ~ o
3P0 =il p®O] -3 ; ETK K p (1) + p(HK*K* — 2K* o (1)K*]. (27)

This is precisely equation (22) with K"‘, ¢, replaci~ng K%, c¢*. Moreover, the orthonormality
constraints (24b) and (24¢) on K* are satisfied by K¢.

6.7. Concluding remarks

We have shown that the constraints on the density matrix p’ mandate its evolution
equation (22), where ¢® > 0 and B, K* satisfy the constraints (24). We then showed that
this is completely equivalent to the Lindblad equation (23), with no constraints at all on the
N? — 1 Lindblad operators L¥.

However, there is no need to restrict the Lindblad equation to no more than N2 —1
operators. We conclude our presentation by showing that the Lindblad equation with any
number of operators has all the required properties. (Of course, from what we have shown,
such an equation may be reduced to one with no more than N2> — 1 operators.)
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Looking at the Lindblad equation in that case,

%p(x) = ilH, p(0)] — 3 YL p) + pLLE — 2L p(OL), (28)
it is easy to see that hermiticity, and trace 1 (in the form d Tr p(¢)/dt = 0, with Tr p(tp) = 1)
are satisfied. Complete positivity requires a bit more work.

We have shown in appendix B that complete positivity holds for the Kraus form
(14a) subject to the trace constraint (14b), with an arbitrary number of operators. So, if
equation (28) can be written in the Kraus form with the trace constraint, we have shown it is
completely positive.

Accordingly, we write equation (28) as

: 1 aty o
p(t+dr) = [1—dt(1H+§2a:L L >:|,0(t)

b 1 o o o o
-[1—dt<—1H+ EZL L )} +dtza:L p (L. (29)

o
Identifying the Kraus operators as

N*—1

1
M= [l_dt<iH+§ ZL“'LQ)], M = VarL, (30)
a=1
gives the Kraus form (14a),
p(t +dt) = ZM%(:)M“*. (31)

Now, take the trace of equation (31). Since equation (28) implies Tr p(t +dt) = 1 = Tr1p(¢),
the result is

1=Tr) M*'M*p(t) or Tr [ZM‘”M"‘ — 1},0@). (32)

As we have done before, by successively replacing p(¢) by the members of the density matrix
basis, we obtain the Kraus trace constraint (14b):

TrZM”M“ =1 (33)

Therefore, the Lindblad form with an arbitrary number of Lindblad operators, is completely
positive.

Appendix A. A class of positive density matrices with negative superoperator
eigenvalues

Consider the Pauli+1 matrices (multiplied by 1/+/2) as the eigenvectors Ef. As noted in
section 4, they satisfy the trace constraint (9) if Zi:] A% = 2. Equation (8) becomes

4
p'= AE“pE*

a=1

—_

[)Llalpal + Xzozpaz + A3a3pa3 + A41p1]

2
1 |:()Ll + 200+ W+ 2, =A%) — (W — )»4)/012i|
5 .

Al
A =22)p1 — A3 =AY, A+ Ao+ A+ A pm (A-D
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Now, we can successively replace p by the four density basis matrices, and demand that A*
be chosen so p’ is positive for all. Since the sum of these four p’s with positive coefficients
(adding up to 1) is the most general two-dimensional density matrix, then the most general p’
will be positive.

The first density basis matrix has p;; = 1 and the rest of the matrix elements vanishing.

Then,
;L3 4% 0
Since the eigenvalues of the density matrix must lie between 1 and 0, we obtain the following
two conditions:

2> +A%2>0, (A.3a)

2=+ >0. (A.3b)

The second density basis matrix, with p,; = 1 and the rest of the matrix elements vanishing,
gives the same results.

The third density basis matrix is p = (1/2)[1 + o1]. Using Zi:l A% = 2 to simplify the
result, we obtain

, 1 1 A+t =1
) [(Al +24—1) 1 ] (A4)

The eigenvalues of p here are (A! 4+ A*)/2, 1 — (A' 4+ A*)/2, so the condition that they lie
between 0 and 1 is

2= 4204 >0. (A.5)

The fourth density basis matrix is p = (1/2)[1 + o3]. Using Zizl A% = 2 to simplify the
result, we obtain

, 1[ 1 i(k2+k4—1)} (A6)

P=5—ip2+2 = 1) 1

The eigenvalues of p’ here are (A> + A*)/2, 1 — (A> 4+ A*)/2, so the condition that they lie
between 0 and 1 is

222424 >0. (A7)

So, we have obtained the result that p” will be positive if equations (A.3a), (A.3b), (A.5),
(A.7) and

4
Z,\“ =2 (A.8)
a=1

are satisfied. The sum of equations (A.3b), (A.5), (A.7) minus (A.8) tells us that 2 > A* > —1.

Equation (A.8) and the constraint boundaries are three-dimensional hyperplanes in the
four-dimensional A-space. Their intersections delineate the allowed areas for the eigenvalues.

We shall be content here to set A> = A' (in which case equations (A.3a) simplifies to
1 > A' > 0). Then, equation (A.8) describes a plane in (AL, A3, )»4} space, and its intersection
with the constraint boundary planes can be drawn. This is shown in figure Al. There are two
regions where one of the eigenvalues is negative and the other two are positive: the points in
the heavily outlined upper left triangle have A* < 0, and the points in the heavily outlined
lower right triangle have A* < 0.
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Figure A1. Allowed regions of eigenvalues for a positive density matrix p’. The two dark-outlined
triangular regions are where an eigenvalue is negative. They abut an isosceles triangle, the restricted
region of complete positivity, where all the eigenvalues are positive.

Appendix B. Complete positivity of the Kraus representation

The Kraus form (14a) and the Kraus constraint (14b), generalized to any number of arbitrary
operators M“, are respectively

p = ZM“,OM‘”, (B.1a)

ZM‘”M"’ =1. (B.1b)
We want to show complete positivity. Call any one of the M* = M. If we can show complete
positivity for MpM' for an arbitrary M, then equation (B.1a), which involves a sum of such
terms, will be completely positive. And, it is only necessary to prove complete positivity for
R = p x p", where p* is any possible basis density matrix (described in the paragraph
following equation (6)) in the added Hilbert space, since the most general density matrix in
the direct product Hilbert space is the linear sum of such terms.

We now calculate

(vIR'|v) = (VIMpM" x 5" [v) (B.2)
for arbitrary |v) = qun:l Dyn|dm) | xn)- There is no loss of generality if we pick the basis
vectors | x,) in the added Hilbert space any way we like. We shall pick them to be the eigenstates

of p*. Now, we note that each " has one eigenvalue 1 and the remaining N — 1 eigenvalues
are 0. Call the eigenvector | x;) which corresponds to the eigenvalue 1. Then,

N
(MM x §*[v) = Y D}y Dyt (e [MpM[hy)

m,m'=1

N N
[ZD;’l(qjm/lM}p[ ZDmle(pm{I P 0’ (B3)

m'=1 m'=1

Therefore, the Kraus form with arbitrary M*’s is completely positive.
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